DEFORMATIONS OF TRIANGULINE 5-PAIRS. 
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Abstract. The aim of this article is to study deformation theory of trianguline 
B-pairs for any p-adic field. For benign .B-pairs, a special good class of trian- 
guline .B-pairs, we prove a main theorem concerning tangent spaces of these 
deformation spaces. These are generalizations of Bellaiche-Chenevier's and Ch- 
enevier's works in the case of K = Q p , where they used (<p, r)-modules over 
Robba ring instead of using .B-pairs. The main theorem, the author hopes, will 
play crucial roles in some problems of Zariski density of modular points or of 
crystalline points in some deformation spaces of global or local p-adic Galois 
representations. 
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1. Introduction. 

1.1. Background. Let p be a prime number and K be a p-adic field, i.e. finite 
extension of Q p . Trianguline representations, which form a class of p-adic rep- 
resentations of Gk '■= Gal(K/K), play some crucial roles in the study of p-adic 
family of global or local Galois representations. The aim of this article is, for any 
p-adic field K, to develop the deformation theory of trianguline representations by 
using 5-pairs. 

In the study of p-adic local Langlands correspondence for GL 2 (Q P ), in [Co08], 
Colmez defined the notion of trianguline representations, which is a class of p-adic 
representations of Gk '■= GaX(K/K) and is defined by using Fontaine, Kedlaya's 
theory of (<p, r)-modules over the Robba ring. Since his work, when K = Q p , 
trianguline representations and their deformation theoretic properties have turned 
out to be very important in number theory, especially in the study of p-adic local 
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Langlands correspondence by Colmez ([Co09]), or in the study of p-adic fami- 
lies of p-adic modular forms (more precisely, in the study of eigenvarieties), for 
example, by Kisin ([Ki03]), by Bellaiche-Chenevier ([Bel-Ch]) and by Chenevier 
([Ch08],[Ch09]). 

For any p-adic field K ^ Q p case, in [Na09], the author of this article generalized 
many results in [C0O8] for any p-adic fields. Namely, he studied some fundamental 
properties of trianguline representations and then classified two dimensional trian- 
guline representations. In [Na09], we studied trianguline representations by using 
-B-pairs, which was defined by Berger in [Be08], instead of using (tp, r)-modules 
over the Robba ring. The aim of this article is, by using the results in [Na09] and by 
using the theory of -B-pairs, to generalize many results in [Bel-Ch], [Ch08], [Ch09] 
concerning to deformations of trianguline representations to any p-adic fields. We 
develop the deformation theory of trianguline representations (more generally, tri- 
anguline .B-pairs) and generalize Chenevier's theorem in [Ch09] concerning tangent 
spaces of these deformation rings to any p-adic fields. 

When K = Q p , these results are crucial for p-adic Hodge theoretic study of 
eigenvarieties, especially for problems about Zariski density of modular Galois 
representations (or crystalline representations) in deformation spaces of global (or 
local) p-adic representations ([Ch08].[Ch09],[Co08],[Ki08b]). In the next article, by 
using the results of this article (and by generalizing some results in [Ki03] to any 
p-adic fields), the author will prove Zariski density of crystalline representations in 
deformation spaces of two dimensional p-adic representations for any p-adic fields. 

1.2. Overview. We explain details of this article. 

In § 2, we recall the definition of .B-pairs and study some fundamental properties 
of trianguline .B-pairs. Let E be a suitable finite extension of Q p as in Notation 
below. In § 2.1, we recall the definition of E-B -pairs of Gk, which is the E- 
coefficient version of .B-pairs. We write B e := B^~ s . An E-B -pair is a pair 
W = (W e , W^) where W e is a finite free B e ®q p B-module with a continuous semi- 
linear Gx-action such that C W^r '■— B^r ®b £ W e is a G^-stable B^ R cg>Q p E- 
lattice of W$&. The category of ^-representations of Gk is embedded in the 
category of B-5-pairs by V >->■ W(V) := (B e ® Qp V, B^ R ® Qp V). We say that 
an E-B-pair is split trianguline if W is a successive extension of rank one E-B- 
pairs, i.e. W has a filtration C W 1 C W 2 C • • • C W„_i C W n = W such that 
Wi is a saturated sub E-B-pair of W and Wi/W^i is a rank one E-B-pair for 
any 1 ^ % ^ n. We say that W is trianguline if W ®e E' is a split trianguline 
E'-B-pair for a finite extension E' of E. We say that an ^-representation V is 
split trianguline (resp. trianguline) if W(V) is split trianguline (resp. trianguline). 
By these definitions, to study trianguline i?- .B-pairs, we first need to classify rank 
one .B- .B-pairs and then we need to calculate extension class group of them, which 
were studied in [Co08] for K = Q p and in [Na09] for general K. In § 2.1, we 
recall these results which we need to study deformations of trianguline B- .B-pairs. 
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In § 2.2, we define the Artin ring coefficient version of 5-pairs. Let Ce be the 
category of Artin local i?-algebras with residue field E. For any A G Ce, we say 
that W := (W e , W^) is an A-B-p&ir if W e is a finite free B e ©q p A-module with a 
continuous semi-linear G^-action and W^ C W d R := £? dR © Be W e is a G^-stable 
B~[ R ®q p A-lattice. We generalize some results of [Na09] to A-i?-pairs. 

In § 3, we study two types of deformations for split trianguline E-B-p&irs. In § 
3.1, first we study usual deformations for any E-B-p&irs which are generalizations 
of homomorphismistic zero deformations of p-adic Galois representations. Let W 
be an E-B-p&ii and A G Ce- Then we say that (Wa, l) is a deformation of W over A 
if Wa is an A-S-pair and t : Wa®aE W is an isomorphism. Then we define the 
deformation functor of W, D w : Ce —> (Sets) by D W (A) := {equivalent classes of 
deformations (Wa, l) of W over A }. We prove pro-representability and formally 
smoothness and dimension formula of Dw (Corollary 13. 8p . In § 3.2, we study 
the other type of deformations, i.e. trianguline deformations. Let W be a split 
trianguline E-B-p&ir of rank n and T : C Wl C W 2 C - • • C W n _i C W n = W 
be a fixed triangulation of W. For any A G Ce, we say that (Wa, t, 7a) is a 
trianguline deformation of (W, T) over A if (Wa, is a deformation of W over v4 
and Ta ■ C W^a C • • • Q Wi-M C WiA = W A is a triangulation of W A ( i.e. 
Wa i s a saturated sub v4-£>-pair of Wa such that W^a/Wi-i^ is a rank one A- im- 
pair for any i) such that l{W,^a®aE) = W\ for any i. Then we define the trianguline 
deformation functor of (W, T), Dw,t '■ Ce — > (Sets) by Dw,t(A) := {equivalent 
classes of trianguline deformations (Wa, Ta) of ( W, T) over A}. We prove pro- 
representability and formally smoothness and dimension formula of this functor 
(Proposition 13. 1 T[) . 

In § 4, we define the notion of benign E-B-p&iis, which forms a special good 
class of split trianguline E'-.B-pairs, and prove the main theorem of this article 
concerning to tangent spaces of the deformation rings of this class. In § 4.1, we 
define the notion of benign E-B-p&iis. Let W be a potentially crystalline E-B-p&ir 
of rank n such that W\g l is crystalline for a finite totally ramified abel extension 
L of K (we call such a representation a crystabelline representation). We assume 
that D^ Tis (W) := (B clis ® Be W £ ) Gl = K ®q, £ei © ■ ■ • © K © Qp £e n such that 
Kq ©q p £?ej are preserved by (ip, Gal(L/i^))-action and that <^(ej) = for 
some ctj G -E x , here / := [i£o : Q P ] and K is the maximal unramified extension 
of Q p in fT. We write {ki^.k 2 ^, ■ ■ ■ ,k nta } a , K ^K the Hodge- Tate weight of W 
such that k l a ^ fc 2jCT ^ • • • ^ k n ^ a for any a : K K. Let 6„ be the n-th 
permutation group. Then, for any r G 6„, we can define a filtration on _D^ ris (W) 
by C K Q ®Q p Ee T{l) C K ® Qp Ee r{1) ®K ®Q p Ee r{2) C-- - C AT ® Qp £e r( i) © ■ • • © 
_K" ©Q p £'e r ( n _i) C _D^ is (W) by sub i?-filtered (y, G^)-modules, where the filtration 
on K ©q p -Ee r (i) © • • • © K ©q p Ee T (i) is the one induced from L ® Lo D^ lis (W). 
Then, by the i?-pair version of "weakly admissible = admissible" theorem, for any 
r G & n we have a triangulation T T : C W,i ^ W r>2 C • • • C W,n = W such that 
W T) i is potentially crystalline and D^ Tis (W Tji ) ^ K © Qp Ee T ^ © • • • ®K ©q p Se T (j) 
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Under this condition, we define the notion of twisted benign E-B-p&irs as fol- 
lows. 

Definition 1.1. Let W be an E-B-p&ir of rank n as above. Then we say that W 
is twisted benign if W satisfies the following; 

(1) For any i ^ j, we have aii/aj ^ l,pf ,p~f , 

(2) For any a : K K, we have k\^ a > k 2 ^ > • • • > &n-i,<r > k n , a , 

(3) For any r G & n and i, Hodge- Tate weight of W Tt i is {fci i(T , ^2,0-, • • • , ki^} a , K ^R- 

In § 4.2, we prove the main theorem of this article. Let If be a twisted benign 
.E'-.B-pair of rank n as above. Then, for any r G & n , we can define the trianguline 
deformation functor Dy/,%. ■ Let Rw be the universal deformation ring of Dw and 
Rw,T T be the universal deformation ring of Dw,%. f°r an Y t E S T . Then -Rvk.t; is 
a quotient ring of Rw- Let t(Rw) and £(#1^,7;) be the tangent spaces of Rw and 
Rw,t t - Then, for any r G ©„, t(i?vv,7;) is a sub E- vector space of t(Rw)- The main 
theorem of this article is the following (Theorem I4.2ip . which is a generalization 
of Chenevier's theorem in [Ch09] in the case of K = Q p . 

Theorem 1.2. Let W be a twisted benign E-B-pair of rank n. Then we have 

/] t{Rw,Tr) = t(Rw)- 
tSS„ 

This theorem is a crucial local results for applications to some Zariski density 
theorems of local or global p-adic representations. In fact, by using this theorem 
in the case of K — Q p , Chenevier, in [Ch09], proved Zariski density of unitary 
automorphic Galois representations in deformation spaces of three dimensional self 
dual p-adic representations of Gf for any CM field F in which p splits completely. 
In the next article, by using this main theorem, the author will prove Zariski 
density of crystalline representations in deformation spaces of two dimensional p- 
adic representations for any p-adic fields, which is a generalization of Colmez's and 
Kisin's theorem ([C0O8], [Ki08b]) in the case of K — Q p . The author of this article 
hopes that, by using this theorem, we can prove many kinds of Zariski density 
theorems for general p-adic field cases or general global (CM or totally real) field 
cases. 

Notation. Let p be a prime number. K be a finite extension of Q p , K a fixed 
algebraic closure of K, Kq the maximal unramified extension of Q p in K, K noT 
the Galois closure of K in K. Let Gk '■= Gal(K / K) be the absolute Galois group 
of K equipped with profinite topology. Ok is the integer ring of K, ttk G Ok 
is a uniformizer of K, k := Ok/^kOk is the residue field of K, q = pf := jj/c 
is the order of k, x '■ Gk ~+ ^ p is the p-adic cyclotomic homomorphism (i.e. 

g(Cp n ) = Cp^ f° r an y p n -th roots of unity and for any g G Gk)- Let C p := K be 
the p-adic completion of K, which is an algebraically closed p-adically complete 
field, and Oc p is its integer ring. We denote v p the normalized valuation on 
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such that Vp{p) = 1. Let E be a finite extension of Q p such that K nor C i?. 
In this paper, we write £ as a coefficient of representations. We put V := {a : 
K ^ K} = {a : K ^ E} Let Xlt : G^ -> 0* ^ O* be the Lubin-Tate 
homomorphism associated with the fixed uniformizer 7Tk- Let rec^ : K x — > G 3 ^ 
be the reciprocity map of local class field theory such that rec^("7r^) is a lifting of 
the inverse of g-th power Frobenius on k, then xlt ° rec^ : K x — >■ O k satisfies 
Xlt ° rec K (it k ) = 1 and xlt ° rec^x = id e>* • 

Acknowledgement. The author would like to thank Kenichi Bannai for reading 
the first version of this article and for helpful comments. The author is supported 
by JSPS Core-to-Core program 18005 whose representative is Makoto Matsumoto. 
This work is also supported in part by KAKENHI (21674001). 



2. 5-PAIRS. 

2.1. 5-pairs. In this subsection, first we recall the definition of E-B-p&irs ([Be08], 
[Na09]) and then recall fundamental properties of them established in [Na09]. 
First, we recall some p-adic period rings ([Fo94]) which we need for defining Im- 
pairs. Let E + := h^m Oc p l^m Oc p /pOc p , where the limits are taken with 

respect to p-th power maps. It is known that E + is a complete valuation ring 
of homomorphismistic p whose valuation is defined by val(x) := v p (x^) (here 
x = £ hm ^ Oc p ). We fix a system of p n -th roots of unity {e^} n ^ such 

that e(°) = 1, ( £ ( n+1 ))P = eW, £ W ^ 1. Then e := (e^) is an element of E+ 
such that val(e — 1) = p/{p — 1). Gk acts on this ring in natural way. We put 
A + := W^(E + ), where, for a perfect ring R, W(R) is the Witt ring of R. We put 
B + := A + [-]. This ring also has natural G^-action and Frobenius action ip. Then 

we have a Gx-equivariant surjection 9 : A + — > C*c p '■ J2'k=oP k [ x k] ^ Y^=oP kx ^k ' '> 
where [ ] : E + — > A + is the Teichmiiller homomorphism. By inverting p, we get 
a surjection B + — > C p . We put B^ R := hm^ B + / (Ker(9)) n , which is a complete 
discrete valuation ring with residue field C p and is equipped with the projective 
limit topology of the p-adic topology on B + /(Ker(#)) n whose lattice is the image 
of A+ ->■ B+/(Ker(^)) n . Let A ciis be the p-adic completion of A + [^tf^]„^ 1 , 
where p := (p^) is an element in E + such that p^ = p, (p(" +1 )) p = p( n ). We 
put B^ Tis := A cr i s [-] equipped with p-adic topology whose lattice is A cns . A cns and 
B^ ris have G^-actions and Frobenius actions </?. We have a natural G^-equivariant 
embedding K ® Ko B+ is ^ B+ R . If we put t := log([e]) = E~=i(-l) n_1 - 
then we can see that t G A cris , ip(t) = pt, g(t) = x(g)t for any g G Gk and Ker(#) = 
tB+ R C B+ R is the maximal ideal of B+ R . If we put B CT1S := S+ is [|], B dR := S+ R [|], 
we have a natural embedding K ® Ko B cris B dR . We put B e := B^ 1 on which 
we equipped the inductive limit topology of B e = Un^B^^)^ 1 , where each 
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(^E+ s )^ =1 = ±B+?- pn is equipped with p-adic topology. We put Fif5 dR : = 
t' l B dR for any i G Z. 

In this paper, we fix a coefficient field of p-adic representations or 5-pairs of 
G^. So we start in this subsection by recalling an ^-coefficient version of p-adic 
representations and .B-pairs. 

Definition 2.1. An ^-representation of Gk is a finite dimensional E- vector space 
V with a continuous E- linear action of Gk- We call E- representation for simplicity 
when there is no risk of confusion about K. 

Definition 2.2. A pair W := (W e , W£ R ) is an E-B-pair if 

(1) W e is a finite B e (&q p -E-module which is free over B e with a continuous 
semi-linear G^-action. 

(2) W dR is a G_^-stable finite sub B dR ®<q p E- module of B dR ®B e W e which 
generates -BdR ®B e W e as a -BdR-module. 

Then, by Lemma 1.7, 1.8 of [Na09], W e is a free B e ®q p i?-module and H 7 ^ is a 
free -E>dR®Qp -E-module. We define the rank of W by rank(W) := r&iak Be(SlQpE (W e ) . 
For E-B-pairs W x := (W lie ,W+ dR ) and W 2 := (W 2je , Wjm), we defme the ten " 
sor product of Wi and W 2 by W x ® W 2 := (W he ® Be ® QpE W 2 , e , W+ dR ® B + R ® QpE 
W+ dR ) and define the dual of W 1 by W? := (Rom Be ® QpE (W lte , B e ® Qp E)*{fe 
Rom BdR ® QpE (B dR ® Be W he ,B dR ® Qp E)\f(W+ dR ) C 5+ R ® Qp £}) (remark: there 
is a mistake in the Definition 1.9 of [Na09]). The category of E-B-pairs is not 
an abelian category, i.e. an inclusion W\ in general does not have a 

quotient in the category of B-5-pairs. But we can always take the saturation 
Wl at := (Wg, W+ d s R ) such that Wf* sits in W 1 ^ W[ at W 2 and Wi, c = 
and W 2 /W[ at is an i?-5-pair (Lemma 1.14 of [Na09]). We say that an inclusion 
Wi W^ 2 is saturated if W 2 /W\ is an E-_B-pair. 

Next, we recall p-adic Hodge theory for B-pairs. Let W = (W e , W dR ) be an E- 
fi-pair. We define D cris (W) := (B cris ® Be W e ) G «, D^ is (W) := (5 cris <g) Be W e ) GL for 
any finite extension L of X, AjrW := (5 dR ® Be Wy G *, Dht(W) := {B RT ® Cp 
(W d VO) GK , here B Rr := C^T" 1 ] where G* acts by g(aT^) := xG?)^(a)T* 
for any g G G^, a G C p , i 6 Z. 

Definition 2.3. We say that H 7 is crystalline (resp. de Rham, resp. Hodge- Tate) 
if &\m.K,D*(W) = [E : Q p ]rank(J¥) for * = cris (resp. * = dR, resp. * = HT), 
where = Kq when * = cris and K* = K when * = dR, HT. We say that W is 
potentially crystalline if dim Lo (D^ ris (W)) = [E : Q p ]rank(H^) for a finite extension 
L of K, where L is the maximal unramified extension of Q p in L. 

Definition 2.4. Let L be a finite Galois extension of K and G L / K := Gel(L/K). 
We say that D is an E-filtered (</?, Gl/k)- module over K if 

(1) _D is a finite free L ®q p -E-module with a (/9-semi-linear action if£> and 

a semi-linear action of Gl/k such that ip B : -D L> is an isomorphism 
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and that ipo and G^/x-action commute, where (</>) semi-linear means that 
(/9 D (a <g> b • x) = ip(a) <S> b ■ p D (x), g(a <8> b ■ x) = g(a) <S> b ■ g(x) for any 
a e L ,b e E,x e D,g e G L/K . 
(2) D L := L®l D has a separated and exhausted decreasing filtration FiVD L 
by sub L E- modules such that G^/x-action on D L preserves this fil- 
tration. 

Let W be a potentially crystalline E-B-pair such that W\g l is crystalline for 
a finite Galois extension L of fT. Then we define an i?-filtered (ip, G^/i^-module 
structure on _D^ ris (W) as follows. First, D^ ris (W) has a Frobenius action induced 
from that on B CTis and has a Gi/x-action induced from those on _B cris and W e . We 
define a filtration on L ® Lo £> c L ris (W) = L ® x L> dR (W) by FiP(L ® Lo £ c L ris (W0) := 

(i%%W)nw+. 

Let D := L e be a rank one Q^-filtered (</?, Gx/x)-module with a base e. then 
we define ijv(-D) '■= v p (a) where y?D(e) = a ■ e and define tu{D) := i such that 
FiY D l /~Fi\ i+l D l ^ 0. For general D of rank d, we define t N (D) := t N (A d D), 
tn{D) := tu{/\ d D). Then we say that D is weakly admissible if t^{D) = tn(D) 
and tjv(-D') ^ tn(D') for any sub Q p -filtered (</?, G^/x)-module D 1 of -D. 

Theorem 2.5. Let L be a finite Galois extension of K . Then we have the following 
results. 

(1) The functor W >->■ -D^ is (W) gives an equivalence of categories between the 
category of potentially crystalline E-B-pairs which are crystalline if re- 
stricted to Gl and the category of E -filtered (<£>, Gx/r-) -modules over K. 

(2) By restricting the above functor to E -representations, the functor V \- > 
D^ ris (V) gives an equivalence of categories between the category of poten- 
tially crystalline E -representations which are crystalline if restricted to Gl 
and the category of weakly admissible E-filtered (ip, Gl/k) ^-modules over K . 

Proof. See [Be08, Proposition 2.3.4 and Theorem 2.3.5] or [Na09 Theorem 1.18]. 

□ 

Next, we define trianguline .E-£>-pairs, whose deformation theory we study in 
detail in this article. 

Definition 2.6. Let W be an E-B-paiv of rank n. Then we say that W is split 
trianguline if there exists a filtration T : C W\ C W 2 C • • • C W n = W by sub 
E-B-pairs such that Wi is saturated in Wi + i and W^+i/Wj is a rank one E-B-pa.ii 
for any i. We say that W is trianguline if W ®e E', base change of W to E', is a 
split trianguline E'-B-paii for a finite extension E' of E. 

By this definition, for studying split trianguline E-B-paim, it is important to 
classify rank one E-B-paim and calculate extension classes by rank one objects, 
which were studied in the previous article by the author ([Na09]). Now, we recall 
some results concerning these. 
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Theorem 2.7. There exists canonical one to one correspondence S >->■ W(S) be- 
tween the set of continuous homomorphisms S : K x — » E x and the set of isomor- 
phism classes of rank one E-B-pairs. 

Proof. See Proposition 3.1 of [Co08] for K = Q p and Theorem 1.45 of [Na09] for 
general K. For construction of W(S), see §1.4 of [Na09]. □ 

This correspondence is compatible with local class field theory, i.e. for a unitary 
homomorphism S : K x — y O e if we take the S : — > O e satisfying S o rec K = S, 
then we have W(S) —y W(E(S)). This correspondence is also compatible with 
tensor products and with duals, i.e for homomorphisms Si, S2 '■ K x —y E x , we have 
W(Si)®W(S 2 ) -y W(SiS 2 ) and W(Si) v 4 W(S^). There are important examples 
of rank one E-B-pairs which we recall now. For any {k a } ae -p such that k c G Z, we 
define a homomorphism Yl ae p o-(x) k<T : K x — y E x : y 1— y Yl ae p cr(y) k ' T . Then we 
have W{Y[^ r o-{x) k °) = {B e ® Qp E, ® ae <pt k °B+ R ® Kja E) ( Lemma 2.12 of [Na09]). 
Let N k /q p : K x ->■ Q* be the norm map and | - | : Q* ->■ Q x ^ E x be the 
p-adic absolute value such that \p\ = ^, and we define \N k /q p (x)\ : K x — y E x the 
composite of N K/Qp and |-|. Then we have W(\N K/Qp (x)\ Yl aeP cr(x)) = W(E(x)), 
which is the E-B-pair associated to p-adic cyclotomic homomorphism. These 
homomorphisms play special roles in the calculation of Galois cohomology of E- 
-B-pairs. Next, we recall the definition and some properties of Galois cohomology 
of E-B-pairs. For an E-B-pair W := (W e ,Wf R ), we put W dR := B dR ® Be W e . 
We have natural inclusions, W e <—} WdR, W^ R <—> WdR. Then we define the Galois 
cohomology W(Gk, W) of W to be the Galois cohomology of the complex W e © 
W^ — > WdR '■ (x, y) (->■ x + y (see §2.1 of [Na09] for the precise definition). Then 
as in the usual p-adic representation case, we have B°(Gk, W) = Hom GK (B E , W) 
and H\G K ,W) = Ext 1 ^,^), where B E := (B e © Qp E,B+ R ® Qp E) is the 
trivial E-B-pa.ii and Homc K (— , — ) is the group of homomorphisms of E-B-p&irs 
and Ext 1 (— ,— ) is the extension class group in the category of E-B-pairs. If V 
is an ^-representation of Gk, then we have W(Gk,V) W(Gk,W(V)), which 
follows from Bloch-Kato's fundamental short exact sequence — > Q p — > B e © 
B^ R — y B d R — > 0. Moreover, we have the following theorem, Euler-Poincare 
homomorphismistic formula and Tate duality theorem for _B-pairs. 

Theorem 2.8. Let W be an E-B-pair. Then: 

(1) for % — 0, 1, 2, W(G K , W) is finite dimensional over E and W(G K , W) = 
fori ^0,1,2. 

(2) ZUi-lYtinE&iGnW) = [K : QJrank(^). 

(3) let W be a Q p -B-pair, Then, for any i = 0, 1,2, there is a natural perfect 
pairing defined by cup product, 

W{G K , W) x W 2 -\G K , W y ( X )) -+ ri 2 (G K , W © W V ( X )) 

^E 2 (G K ,W(Q P ( X ))^Q P , 
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where the last isomorphism is the trace map. 

Proof. See Theorem 4.3, 4.7 of [Liu08] and Theorem 2.8 of [Na09]. □ 

By using these formulae, we have the following dimension formulae for rank one 
-E--B-pairs. 

Proposition 2.9. Let 5 : K x — > E x be a continuous homomorphism. Then we 
have: 

(1) R°(G K , W(S)) ^ E if 5 = U aeV o-(x) k ° such that k a G Z So for any a E V , 
and B°(G K , W(S)) = otherwise. 

(2) H 2 (G^, W(5)) ^ E if 5= \N K/Qp \ Yl aeP a{x) k ° such that k a G Z Zl for any 
a eV, and H 2 (G X , W(S)) = otherwise. 

(3) dim E E\G K , W(5)) = [K : Q p ] + 1 if 5 = U aeV o-(x) k ° such that k a G Z^ 
for any a G V or 5 = \Nk/q p \ Ylaev °~( x ) k ' 7 such that k a G Z^i for any 
a EV, and djm E H 1 (G K , W(S)) = [K : Q p ] otherwise. 

Proof. See Theorem 2.9 and Theorem 2.22 of [Co08] for K = Q p . For general 
K, the results may be proved by using Proposition 2.14 and Proposition 2.15 of 
[Na09] and Tate duality for B-pairs. □ 

2.2. B-pairs over Artin local rings. Let C E be the category of Artin local E- 
algebra A with residue field E. The morphisms of C E are given by local i?-algebra 
homomorphisms. For any A G C E , let itla be the maximal ideal of A. We define 
the ^-coefficient versions of .B-pairs as follows. 

Definition 2.10. We call a pair W := (W e , W^ R ) an A-5-pair of G K if 

(1) W e is a finite B e cg>Q p A-module which is flat over A and is free over B e , 
with a continuous semi-linear G^-action. 

(2) W£ R is a finite generated sub B^ R ®q p A- module of B dR ® Be W e which is 
preserved by G^-action and which generates B dR <g> Be W e as a B dR ®q p A- 
module such that W^ R /tW^~ R is flat over A. 

For an A-B-pair W := (W e , W+ R ), we put W^ dR := B dR ® Be W e . 

We simply call an A-B-pa\x if there is no risk of confusing about K. 

Lemma 2.11. Let W := {W e ,W^ R ) be an A-B-pair. Then W e is a finite free 
B e cg)Q p A-module and W^ R is a finite free B^ R ®<^ p A-module and W£ R /tW^ R is a 
finite free C p ®q p A-module. 

Proof. First, we prove for W e . Because the sub module m^yVe C W e is a Gk- 
stable finite generated torsion free _B e -module, mj^V e is a finite free _B e -module by 
Lemma 2.4 of [Ke04]. Then, by Lemma 2.1.4 of [Be08], the cokernel W e eg) a E is 
also a finite free _B e -module (with an E-action). Then, by Lemma 1.7 of [Na09], 
W e ^)AE is a finite free B e (B)Q p ^-module of some rank n. We take a B e ®q p A-linear 
morphism / : (B e Cg>Q p A) n — > W e which is a lift of a B e ®q p i?-linear isomorphism 
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(B e cg)Q p E) n ^> W e <SU E. Then, by Nakayama's lemma, / is surjective. Because 
W e is A-flat, we have Ker(/) <S>a E = 0, so Ker(/) = 0. So W e is a free S e <8> Qp A- 
module. 

Next, we prove that W 7 ^ is a free B^ R ®q p A- module. Because W e is a free 
-B e ®(Q P A-module, HdR is a free B^r ®<q p A-module, in particular this is flat over 
A. Because W^/tW^ is a flat A-module, W^r/W^ is also a flat A-module. 
So Wj^ is also flat over A. By the A-flatness of Wor/W^, we have inclusion 
^dR ®A E > W<ir C§U E, so W 7 ^ ®a B is a finite generated torsion free -B^r- 
module, so free -Bj^-module. By using these and Lemma 1.8 of [Na09], in the 
same way as in the case of W e , we can show that W^ is a free B^ R ®q p A-module. 
C p ®q p A-freeness of W^ R /tW^ R follows from B^ R ®q p A-freeness of W^~ R . 

□ 

By using this lemma, we can define the rank of A-S-pair. 

Definition 2.12. Let W = (W^W^) be an A-£?-pair. Then we define the rank 
of W as rank(VK) := rank^^^e)- 

Definition 2.13. Let / : A — >■ A' be a morphism in C E and W = (W e ,W d R) 
be an A-5-pair. Then we define the base change of W to A' by W ®a A' : = 
(W e ®a A', W^ R ®a A'). By using lemma 12. 11} we can easily see that this is an 
A'-i?-pair. 

Definition 2.14. Let W 1 = (W e ,i, W£ RA ), W 2 = (W e ^W+ R2 ) be A-5-pairs. 
Then we define the tensor product of W\ and W 2 by W\ <8> W 2 '■— (W e> i ®B e ® Qp A 
w e,2, W+ R)1 ® B +^ QpA W+ R J , and define the dual of W x by W? := (Rom Be ® QpA (W eA , 
B e ® Qp A),W+il). Here, W^ := {/ G Kom BdR ® QpA (W d R, h B d R® Qp A)\f(W+ R J C 
-^dR ®Q P By usrn S lemma fIU\ we can easily see that these are A-£?-pairs. 

Next, we classify rank one A-I?-pairs. Let 5 : K x — ?• A x be a continuous 
homomorphism. Then we define the rank one A-5-pair W(S) as follows. Let 
u G E x be the reduction of u := 5(itk)- We define a homomorphism 5q : K x — > A x 
such that 6 \ o x = 6\ x, S (n K ) = u/u. Then, because u/u G 1 + m A , (u/u) p ™ 

converges to 1 G A x . So if we fix an isomorphism K x —y x Z : vtt 7 ^ h-> (v,n) 
(here v G 0%), then 5 extends to S' : (9£ x Z ->■ 0# x Z p -»■ A x . Hence, by local 
class field theory, there exists unique homomorphism Sq : G^? — > A x such that 
5o = Sq o rec^-, here recj<- : K x — > is the reciprocity map as in Notation. We 
define the etale rank one A-5-pair W(A(5q)), which is the A-S-pair associated to 
the rank one A-representation A(5q). Next, we define a non-etale rank one A- im- 
pair by using u G E x . For this, first we define a rank one B-filtered 99-module 
D a := K <g)Q p Ee u such that (p j \e a ) := ue n and Fi\°(K ® K(i D u ) := K ® Ko Az, 
Fil 1 (i^ <S>k Ey) : = 0. From this, we get the rank one crystalline E-B-p&ir W(D U ) 
such that D clis (W(Du)) ^> D u which is pure of slope By tensoring these, we 

10 



define the rank one A-B-pair W(8) by W(8) := (W(D a ) ®eA)®W(A(5 )), which 
is pure of slope 

The following proposition is the ^-coefficient version of Theorem 1.45 of [Na09]. 

Proposition 2.15. This construction 8 (->■ W(S) does not depend on the choice of 
uniformizer n K and gives a bijection between the set of continuous homomorphisms 
5 : K x — > A x and the set of isomorphism classes of rank one A-B-pairs. 

Proof. The independence of the choice of uniformizer and the injection is proved in 
the same way as in the proof of Theorem 1.45 of [Na09]. We prove the surjection. 
Let W be a rank one A-B-pair. Then as an E-B-pair, W is a successive extension 
of rank one E-B-paii W <S>a E. W <S>a E is pure of slope -p- for some n G Z by 
Lemma 1.42 of [Na09]. So, by Theorem 1.6.6 of [Ke08], W is also pure of slope 
j 2 —. We define the rank one E'-filtered (^-module D n n ■= K ®q £e T » in the same 
way as in D u . Then W <g> (W(D W «) ® E A) y is pure of slope zero by Lemma 1.34 of 
[Na09]. So there exists 8' : Gf ->■ A x such that W® (W(D n n)® E A) v ^> W{A{8')). 
If we put 5' := 5'orec K : K x ->■ A x and put 5 : K x ->■ A x such that <5| x := 5'| x 

and 5(7Tx) := 5'(7r^)7r^, then we have an isomorphism W W{8) which can be 
easily seen from the construction of W(S). 

□ 

By local class field theory, we have a canonical bijection 5 h- > A(S) from the 
set of unitary continuous homomorphisms from K x to A x (where unitary means 
that the reduction of the image of 5 is contained in E ) to the set of isomorphism 
class of rank one A- representations of Gk, where 5 : G°^ — > A x is the continuous 
homomorphism such that 5 = 5 o recx- By the definition of W(8) and by the 
above proof, it is easy to see that there exists an isomorphism W(S) ^> W(A(5)) 
for any unitary homomorphism 5 : K x — > A x . Moreover, it is easy to see that 
for any continuous homomorphisms 81,82 '■ K x — > A x we have isomorphisms 
W{8 1 ) ® W{8 2 ) ^ W{8 1 8 2 ) and ^ W(8^). 

3. Deformations of trianguline 5-pairs 

In this section, we develop the deformation theory of £>-pairs, in particular 
we study trianguline deformation functors for trianguline _B-pairs, which are the 
generalization of the deformation theory of usual p-adic Galois representations and 
the generalization of the theory of trianguline deformation of [Bel-Ch] in the case of 
K = Q p by using (ip, r)-modules. We prove the pro-representabilities and formally 
smoothnesses of these deformation functors and calculate their dimensions by using 
the calculations of Galois cohomology of 5-pairs in the last section. 

3.1. Deformations of E-B-psdrs. In this subsection, we study the usual defor- 
mation theory for E-B-p&irs,, which are the generalization of the usual (homo- 
morphismistic zero) deformation theory for ^-representations. 
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Definition 3.1. Let A be an object in Ce, W be an E-B-p&ir. Then we say 
that a pair (Wa, is a deformation of W over A if W 7 ^ is an A-B-pair and i : 
Wa ®a E -> W is an isomorphism of E-5-pairs. Let be two 

deformations of W 7 over A. Then we say that (Wa, i) and (W 7 ^, i') are equivalent if 
there exists an isomorphism / : Wa — > W 7 ^ of A-5-pairs which satisfies l — l' o f, 
where / : W 7 ^ (gu —> W 7 ^ CSu -B is the reduction of /. 

Definition 3.2. Let W be an E-B-p&ir. Then we define the deformation functor 
D w from the category Ce to the category of sets by defining, for any A G Ce, 
D W (A) := { equivalent classes (W A , t) of deformations of W over A }. 

We simply write Wa if there is no risk of confusing about i. 

Next, we prove the pro-representability of the functor Dw under suitable condi- 
tions. For this, we recall Schlessinger's criterion for pro-representability of functors 
from Ce to the category of sets. We call a morphism / : A' — > A in Ce a small 
extension if it is surjective and the kernel Ker(/) = (t) is generated by a nonzero 
single element t E A' and Ker(/) • m A ' = 0. E[e] is the ring of dual number over 
E, i.e. defined by E[e] := E[X]/(X 2 ). 

Theorem 3.3. Let F be a functor from Ce to the category of sets such that F(E) 
is a single point. For morphisms A' — > A, A" — >■ A in Ca, consider the natural 
map 

(1) F(A' x A A") -+ F(A') x F{A) F(A"). 
Then F is pro-representable if and only if F satisfies properties (Hi), (H 2 ), (H 3 ), 
(H4) below: 

(Hi) (1) is surjective if A" — > A is surjective. 
(H 2 ) (1) is bijective when A = E and A" = E[e\. 

(H 3 ) dim s (t i r) < 00 ( where t F := F(E[e]) and, under the condition (H 2 ), it is 

known that tp has a natural E -vector space structure). 
(H 4 ) (1) is bijective if A' = A" and A' — >■ A is a small extension. 

Proof. See [Sch68] or §18 of [Ma97]. □ 

By using this criterion, we prove the pro-representability of Dw- 

Proposition 3.4. Let W be an E-B-pair. If End,^ (W) = E, i.e. W has only 
trivial morphism of E-B-pairs, then Dw is pro-representable by a complete noe- 
therian local E-algebra Rw with residue field E. 

For proving this proposition, we first prove some lemmas. 

Lemma 3.5. Let ad(W 7 ) := Hom(W 7 , W) be the internal endomorphism of W . 
Then there exists an isomorphism of E-vector spaces D w (E[e\) ^> H 1 (G r x, ad(W 7 )). 

Proof. Let We{ £ ] '■= (M^[ £ ], e , ^E\e] cIr) De a deformation of W over E[e\. From this, 

we define an element in H 1 (G^:, ad(W 7 )) as follows. Because eWE[ £ ],e — > W e and 
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WE[E],e/ £ WE[ £ ], e W e (where we put W := (W e ,W^ R )), we have a natural exact 
sequence of B e ©q p i£[G\R-]-modules 

-> W e -> W^ [e]>e -> W e 

We fix an isomorphism of B e ©q p E'-modules WE[ £ ],e 4 VK e ei © W e e2 such that first 
factor W e eiis equal to sWe[s] as B e ©q p ^[G^j-module and that the above natural 
projection maps the second factor W e e 2 to W e by xe 2 i-> x for any x G W e . Then 
we define a continuous one cocycle c e : — >■ H.om.B e ® Q e(W c , W e ) by g(y&2) := 
c e (g)(gy)ei + gyti for any g G and y G W^. For W^, we fix an isomorphism 
We\e] dR ^dR 6 ! ® ^dR e 2 as * n ^ ne case °f then we define a one cocycle CdR : 
G K -> Hom B + a55(}pB (W / " d + , W+J by #(ye 2 ) := c dR (#)(#y)ei + #ye 2 for any </ G G A ' 
and y G W 7 ^. Next, we define an element c G Hom BdR(g)Q;)£ ;(W / d R , M^r) as follows. 
By tensoring WE[ e ],e an d Wi £ , dR with B dR over _B e or B^ R , we have an isomorphism 

/ : WdRei©WdRe 2 -4 W E [s],<m 4 W dR ei®W dR e' 2 of 5 dR ® Qp E-modules. We define 
c : WdR -» WW by /(ye 2 ) := c(y)ei + ye 2 for any y G Wan,. Then, by definition, 
the triple (c e , c d R, c) satisfies c e (p) - CdR(flf) = pc - c in Hom jBdR0Qpi? (W / dR , W dR ) 
for any g G G A , i.e. the triple (c e ,c dR , c) G H 1 (G A , ad(W / )) by the definition 
of Galois cohomology of .B-pairs (§ 2.1 of [Na09]). Then it is standard to check 
that this definition is independent of the choice of fixed isomorphism WE\ e ],e ~> 
W e ei © W e e 2 , etc, and it is easy to check that this map defines an isomorphism 
D w (E[e])^R 1 (G K ,ad{W)). 

□ 

Lemma 3.6. Let Wa be a deformation of W over A. If Endc K (W) = E, then 
End Gjf (W^)=A 

Proof. We prove this lemma by induction on the length of A. When A = E, this 
is trivial. We assume that this lemma is proved for length n rings and assume A 
is length n + 1. We take a small extension / : A — >■ A'. Because Endc K (W / ) = 
H°{Gk, W y © W), then we have the following short exact sequence, 

-> Ker(f) ® E End Glc (W) ->• End Gjf (W^) -> End Gjc (W^ ©a A'). 

From this and induction hypothesis, we have length(EndG x (iyA)) = length(Endc x 
(W A ©a A')) + length(Ker(/) © B End Gjr (W)) = length(A') + 1 = length(A). On 
the other hand, we have a natural inclusion A C End.G K (W J 4,)- So, by comparing 
length, we have A = End Gif {Wa)- □ 

Proof, (of proposition) Let W 7 be a rank n E-B-pair satisfying Endc x (W / ) = E. 
For this VK, we check the conditions (Hi) of Schlessinger's criterion. First, by 
Lemma |33| we have dim E (D w (E[e})) = dim £; (H 1 (G A -, ad(W))) < oo, so (H 3 ) is 
satisfied. Next we check (Hi). Let / : A' — > A, g : A" — > A be morphisms in 
Ce such that g is surjective. Let ([Wa'], [WOt]) be an element in D W (A') Xd w (A) 
D W (A"). We take deformations W A > ■= (W A > e ,W+ dR ), W A » := (W^e.W&jJ 
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over A' and A" contained in equivalent classes [Wa 1 ] and [Wa"] respectively. Then 
we have an isomorphism h : Wa> ®A' A — >■ Wa" <S>A" A =: Wa '■= (WAe,W AdK ) 
which defines an equivalent class in Dw(A). We fix a basis ei, • • • ,e n of Wa'e 
as a B e ®q p A' -module and write ei, • • • , e„ the basis of VF^'e ®A' ^ induced 
from ei, • • • ,e n . Then, by the surjection of g : A" — )■ A and by ^''-flatness of 
Wa'c we can take a basis ei> ' " , e n of W^e such that the basis e±, ■ ■ ■ ,e n of 
WA" e ®A" ^ induced from e~i, ■ • • ,e n satisfies h^ei) = e~i for any i. Then Wj : = 
W A ' e *w Ae W A » e := {(x,y) G x W> e |/i(x) = y} is a free S e ® Qp (A' x A A")- 
module with basis (ei, ei), ■ ■ • , (e n , e n ). In the same way, we can define W dR : = 
W A'dR x w+ dR W A»dR' which is a free Sj" R ® Qp (A' x A A")-module. Then Wa' X\v A 
Wa" '■= (We W dR + ) is a (A' Xa A")-S-pair which is a deformation of W over 
A' x A A" such that the equivalent class \Wa> *w a Wa"} G Diy(A' x A A") maps 
(M, [Wa»]) G D W (A') x Dw(A) D W (A"). So we have proved (H x ). 

Finally, we prove the following. If g : A" — > A is surjective, then the natural map 
D w (A'x A A n ) -> ZV(A') 

x d w (A) Dwv(A^) is bijective, which proves the condition 
(H 2 ) and (-#4), so we can prove the pro-representability of Dw- Let W{ , W 2 be 
deformations of W over A' x A A" such that \W'{ ®a'x a A" A'} = \W' 2 ' ®a'x a A" A 1 } 
in D W (A') and [W^" ®a'x a A" A"] = [W 2 ®a'x a A" A"] in D W (A V ). Then we want 
to show \W'x] = [W 2 ] in D W (A' x A A"). We put W lA > : = W^" ®a'x a A" A', 
Wia" := Wj" ®A'x A A" A" , Wia := WT ®A'x A A" A, and same for W 2 a', W 2A », 
W 2 a- Then we have natural isomorphisms W{ — > Wia> *w 1A Wia" and W 2 ^> 
W 2 a> x w 2A W 2 a" defined as in the last paragraph. Because [Wia'] = [W2A'] and 
[Wia"] = [W^A"], we have isomorphisms h! : W\a> — > W 2 A' and /i" : Wia" — > W 2 a"- 
By reduction of these isomorphisms, we get an automorphism h' o /i '^ 1 : W 2 A 
H^ia — > W^a- Then, by Lemma 13.61 and the surjection of g : t4" x — >■ A x , we can 
find an automorphism h : W^A" W 2 a" such that fa = h'oh^ 1 . Then, ifwe define 
a morphism ti" : VFaA' x WlA W lA " -> WW ><m/ 2A ^a' : (ac, y) ^ (Ai(a;), o h 2 (y)), 
we can see that this is well-defined and is isomorphism. So we finish to prove this 
proposition. □ 

Proposition 3.7. LetW := (W e , W dR ) be an E-B -pair of rank n. IfR 2 (G K , ad(W)) 
= 0, then the functor Dyy is formally smooth. 

Proof. Let A' — >■ A be a small extension in Ce, we denote the kernel by I C A'. 
Let Wa := (W e< A, W^ A ) be a deformation of W over A. Then it suffices to 
show that there exists an A'-_B-pair W A > such that Wa> ®A' A ^> Wa- We fix a 
basis of W e> A as a _B e ®q p A-module. By this choice, from the G^-action on W £; a, 
we get a continuous one cocycle p e : G% — >■ GL n (5 e ®q p A). In the same way, 
if we fix a basis of W dIi A as a -Bj" R ®q p A-module, we get a continuous cocycle 
PdR : Gk GL n (5j" R ®q p A). From the canonical isomorphism W Bj a ®b b -BdR 
^ / dRA®_B+ ^dRj we get a matrix P G GL n (S dR ®q p A) such that Pp e (g)g(P)~ l = 
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p dR (#) for any g G Gk- We fix an P-linear section s : A — > A' of A' — > A and fix 
a lifting P G GL n (P dR ®q p A') of P. From this, we get continuous liftings p e := 
sop e : Ga -> GL n (B e ®Q p A') of p e and p dR := sop dR : Ga -)> GL n (P dR (g)Q p A') of 
p dR . By using these liftings, we define c e : G A ' x G K -> I ®s HoniB elX)QpjB (W / e , W e ) 
by Pe{gig2)gi{pe{g2)y 1 pe{giY l = 1 + c e {g l ,g 2 ) e l + I ® A > M n (B e <g> Qp A') = 
1 + / ®e Hom Be(gl(Q)j)E (W / e , W e ) for any #1,(72 G Ga- In the same way, define c dR : 
G K x G K I ® E Rom B +^ QpE {W+ R , W d + R ) by PciR^i^iCPdR^^W^i) -1 = 
1 + c dR (#i,# 2 )- We define c : G K ^ I ®e H.om BdR ® QpE (W dR ,W dR ) such that 
Pp e (g)g(P)- 1 p dR (g)- 1 = 1 + c(g) G 1 + I ® E Hom BdR ® QpE (W dR , W dR ). Then 
c e and c d R are continuous two cocycles, i.e. satisfy #ic*(#2j #3) — c*(#i#2, #3) + 
c*{gi,g2gz) - <^(g 1 ,g 2 ) = for any #1,5-2, #3 G Ga (* = e, dR). Moreover, we can 
check that c e and c dR and c satisfy c e (g 1 ,g 2 ) - c dR (#i,# 2 ) = gi(c(g 2 )) - c(g 1 g 2 ) + 
c(#i) for any gi,g 2 ,g3 G Ga (note that the isomorphism Homs e ® Q e(W e , W e ) ®b e 

P dR ^> Hom B + R0Qp£ (W d +, W d +) ® b + r P dR is given by c ^ P~ x cP, where P G 
GL n (PdR®Q p E) is the reduction of P G GL n (P dR ®Q p A)). By definition of Galois 
cohomology of P-pairs, these mean that (c e , CdR, c) defines an element [(c e , c dR , c)]in 
/® £; H 2 (GA',ad(W)) . (Until here, we don't use the condition H 2 (Ga, ad(W)) = 
and we can show, in the standard way, that [(c e , Cd R , c)] doesn't depend on the 
choice of s or P, i.e. depends only on Wa-) Now, by the assumption, we have 
H 2 (Ga, ad(W)) = 0, So, by definition, there exists (f e ,fdR,f) such that / e : 
G K ->■ 7(8)EHom Be0Qp£; (W e , W e ) and / dR : Ga -> J(g) jB Hom B + R ^ jB (W dR , W d + R ) are 

continuous map and / G 7®£;Hom BdR( g )Qp£ ;(W / dR , H^r) and these satisfy c e (#i, g 2 ) = 

9M92) ~ fe(9i92) + fe(gi) and c dR (#i,# 2 ) = fll/dR^) - fdnigm) + f<m(9i) and 
c{gi) = fanigi) - P~ x f K {g\)P + (#1/ - /) for any #1,5-2 e Ga-. Then we define 
new liftings p' e : G K -> GL n (P e ® Qp A') by p' e (#) := (1 + / e (#))p e (#), p dR (#) : 

Ga -> GL n (P+ R ® Qp A') by p dR (#) := (1 + / dR (#))p dR (#) and P' := (1 + f)P G 
GL n (P dR ®Q p y4'). Then we can check that these satisfy p e (#ifl- 2 ) = Pe(fl'i)Pe(fl , 2) and 
PdR(^i^) = /? dR (#i)p dR (#2) and P' p' e ( gi )g(P')- 1 = p dR (#i) for any #i,# 2 G Ga- By 
definition of A'-P-pair, this means that {p' e ,p' dR ,P') defines an A'-P-pair and ,by 
definition, this is a lift of Wa- We finish the proof of this proposition. □ 

Corollary 3.8. Let W be an E-B-pair of rank n. If Endc^W) = E and 
H 2 (Ga, ad(VK)) = and if we denote d := [K : Q p ]n 2 + 1, then the functor 
D w is pro-representable by Rw such that R w —¥ P[[Ti, • • • ,T d }}. 

Proof. The existence and formally smoothness of Rw follows from Proposition 13.41 
and Proposition 13.71 For dimension, by Theorem 12.81 and Lemma I3.5[ we have 
dim E D w (E[e}) = din^H 1 ^, ad(W)) = [K : Q p }n 2 + diniAH (GA, ad(W)) + 
dimAH 2 (GA, ad(W)) = [K : Q p ]n 2 + 1. □ 

3.2. Trianguline deformations of trianguline P-pairs. In this subsection, 
we define the trianguline deformation functor for split trianguline P-P-pairs and 
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prove the pro-representability and formally smoothness under some conditions and 
calculate the dimension of the universal deformation ring of this functor. In § 2 of 
[Bel-Ch 09], Bellaiche-Chenevier proved all these in the case of K = Q p by using 
(</?, r)-modules over the Robba ring and by using Colmez's theory of trianguline 
representations for K = Q p ([C0O8]). We generalize their theory by using B-pairs 
and the theory of trianguline representations for any p-adic fields ([Na09] or § 2). 
First, we define the notion of split trianguline A-B-p&irs as follows. 

Definition 3.9. Let W be a rank n A-B-pairs. Then we say that W is a split 
trianguline A-B-pair if there exists a sequence of sub A-B-paiis T : = Wo Q 
Wi C W 2 C • • • C W n -i C W n = W such that W» is saturated in W i+ i and the 
quotient Wi+i/Wi is a rank one A-B-pair for any ^ % ^ n — 1. 

By Proposition 12. 15[ there exist continuous homomorphisms 5i : K x — )■ A x such 
that Wi/Wi-i —> W(Si) for any 1 ^ i 5= n. We say that {5j}" =1 is the parameter 
of triangulation T. 

Next, we define the trianguline deformation functor. Let W be a rank n split 
trianguline S-S-pair. We fix a triangulation T : C W\ C • • • C W n _i C W„ = 
of VK. Under this condition, we define the trianguline deformation as follows. 

Definition 3.10. Let A be an object in Ce- We say that (Wa, l, 7a) is a trianguline 
deformation of (W, T) over A if (Wa, t) is a deformation of over A and Wa is a 
split trianguline A-B-pa.ii with a triangulation 7a : C W\ } a Q ■ • • Q W nt A = Wa 
such that l(W^ a ®aE) = W { for any 1 ^ % ^ n. Let (Wa, 7a) and (W' A , I', T'a) be 
two trianguline deformations of (W, T) over A. Then we say that (Wa, t, 7a) and 
(W A , 1 ' i 7a) are equivalent if there exists an isomorphism of A-B-paiis f : W A — > 
satisfying L — i'of and /(W^a) = W/a f° r an y 1 = * = n - 

Definition 3.11. Let W be a split trianguline .E-5-pair with a triangulation 7". 
Then we define the trianguline deformation functor D\y,r from the category Ce to 
the category of sets by defining, for any A G Ce, D Wj f(A) := { equivalent classes 
(Wa, i, 7a) °f trianguline deformation of (W, T) over A }. 

By definition, we have a natural map of functors from D\y,r to Dw by forgetting 
triangulation, i.e. by defining D W>T (A) — > D W (A) : [(Wa, 7a)] ^ [(Wa, t)]. In 
general, by this map, D w ,t is not a sub functor of D w , i.e. a deformation Wa 
can have many liftings of triangulation of T . So we give a sufficient condition for 
Dw,T t° De a subfunctor of LV- Let {<5i}™ =1 be the parameter of triangulation T ■ 

Lemma 3.12. If, for any 1 ^ i < j ^ n, we have Sj/5i ^ Ylaev a ( x ) k<T f or anv 
{k a } al z-p e Yla&v^ ' then the functor Dw,t ^ s a su ^ functor of Dw ■ 

Proof. Let W A be a deformation of W over A, let C W A ,i C • • • C W A , n -i Q W A 
and C W 7 ^ x C • • • C W' A n _ x C V^a be two triangulations which are lifts 
of T, then it suffices to show that Wa.,% — W' Ai for any i. Moreover, by in- 
duction, it suffices to show Wa,i = W' Al . For proving this, first we consider 



Rom GK (W 1A , W A ). This is equal to E°(G K , W^ A ®W A ). Because B.°(G K , -) is left 
exact and B°(G K , W(5)) = for any 5 : K x -> E x such that 5 7^ I\ a ep °~(x) k,T for 
any {^gp G rL e7 > %o by Proposition ES we have H°(G A , W^ A <g>(Wi + i,A/WU)) 
= H°(G^, W^®(W^ M /^)) = for any % ^ 2. So we get Hom GK (^ M , W M ) 
= Hom Gx (W / i i A, Wa) = Hom ( 3 ir (Wi ! A) Wi' a)- This means that the given inclusion 
W\ t A ^ Wa factors through W 7 ^ >• W^a- By symmetry, the inclusion W[ A W A 
factors through W ltA e — >■ Wa- So we get W^a = M 7 ^'- D 

Proposition 3.13. Let W be a trianguline representations with a triangulation 
T such that the parameter {5i}^ =1 satisfies, for any 1 5= % < j 5= n, 5j/<5j 7^ 

HcrG-p <T (- r ) A:<T ^ or an ^ {^o-jo-e-p e llcre-p^= ' ^ e natural map of functors 

Dwj — ► D\y is relatively representable. 

Proof. By §23 of [Ma97], it suffices to check that the map Dyyj — > Dw satisfies 
the fallowing three conditions (1), (2), (3). (1) :For any map A — > A' in Ce and 
W A G D W! r(A), then W A ® A A' G D W>T (A'). (2): For any maps A' A and 
A" A in C E and V^'" G D W (A' x A A"), if W'" ®a'x a a- A' G L> W ,r(^0 and 
W" ®A'x A A" -4" G % ir (i"), then W'" G D WtT (A' XaA"). (3): For any inclusion 
A A' in C E and G Ay (A), if W A ®a A' G Ayr^'), then W A G £V,r(A). 
The condition (1) is trivial. For (2), let W'" G D W (A' x A A") be such that 
W A , := W'" ®a'x a a- A G D WX (A') and ^ := W'" ®a'x a a- A" G Av,r(A")- 
We put W A := " ®a'x a A" A. Then as in proof of Proposition I3.4[ we have 
W'" — > W A i x w A W A " . And, by Lemma l3.121 the triangulations of W A induced from 
W A i and W A " are same, so these triangulations induce a triangulation of W'" ^> 
W a ,x Wa Wa», i.e. G ZV,t(A'x a A"). Finally, we prove the condition (3). Let 
W G D W (A) and A^i'be an inclusion such that W A ® A A' G D W;T (A'). Let C 
Wi,A' Gj • • • C W n ^ A i C Wa<8>aA' be a triangulation lifting of T. By induction on 
rank of W 7 , it suffices to show that there exists a rank one sub A-£>-pair Wi >A C 
such that Wi 5 a ®a A' = Wi >A > and that W A /W^ A is an A-5-pair. By Proposition 
12.151 by twisting, we may assume that W\ jA i [B e <8)q A', ®q A') is trivial 
A'-B-p&ir (so 5\ : fT x — > E x is trivial homomorphism) . Then, by the same way as 
in the proof of Lemma we have A' ^ R°{G K , W lfA ,) = E°{G K , W A ® A A') and 
E = Yi (G K ,Wi) = B.°(G K ,W). Then, by using these and the left exactness of 
E°(G K , — ), we have length(A') = length(H°(G ii -, W A >)) ^ length(H°(G^, W A )) + 
length (H° (G K ,W A ®( A '/A)) ^ length(A)+length(A'/A) = length(A'). So we have 
length (H° (Gk, W a )) = length(A). From this, by similar argument, we can show 
the natural sequence ->• E°(G K , W A ® A m A ) ->• E°(G K , W A ) H°(G^, W) ->• 
is exact. We take a lift v G B°(G K ,W A ) which maps to 1 6 E 4 H°(G A ',iy) 
by the surjection E°(G K ,W A ) -> B°(G K ,W). Then we claim that A Av = 
E°(G K ,W A ). Because the surjection E°(G K ,W A ) E°(G K ,W) factors through 
H°(Gk, W a ) ^ R°(G K , W A ® A A') -> H°(G A , PF) and H°(G X , ® A A') ^ A', 
the image of v in H (G A , Wa ®a A') must be a generator of E°(G K , W A ® A A'). 
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So we have A 4 Av C H°(Gk, Wa). By comparing length, we get the claim. By 
using this v G E°(Gk, Wa) = Hom Gif (Ba, Wa) (here 5a is the trivial A-B-pair), 
we define a map v : -Ba — > Wa- Then u <g)icU' : -B A — >■ induces an isomorphism 
B' A -4 W ljj4 ' because H°(G^, W^aO = H°(G^, W^guA'). From this, t> is injective 
and if we put W\ t A Q Wa the image of v, then W^a ®a A 1 = Wa,a'- Finally, we 
need to prove that the quotient Wa/Wi,a is an A-£?-pair. First, Wa/W^a is an 
i?--B-pair because W\ % a is saturated in Wa®aA' as an _E-i?-pair, so also saturated 
in Wa- For proving A-flatness of Wa/W\^a '■= (W 0:e , W^~ dR ), by definition of v, we 
have that the natural map W^a ®a E Wa ®a E is injective. From this, we 
get A-flatness of W ,e and W^ dR /tWQ dR , so Wa/W^a is an A-B-pair. We finish 
to prove this proposition. □ 

Corollary 3.14. Let W be a trianguline E-B-pair with a triangulation T such that 
Endc x (W / ) = E and the parameter {5i}™ =1 of T satisfies, for any 1 ^ i < j 5i n, 
Sj/5i Ylaer o~(x) k ° for any {k a } aeV G Yl aeV ^o- Then the functor D W j is 
pro-representable by a quotient Rw,t of Rw- 

Proof. This follows from Proposition 13.41 and Proposition 13.131 □ 
Next, we prove the formally smoothness of the functor Dw,t- 

Proposition 3.15. Let W be a trianguline E-B-pair of rank n with triangulation 
T such that whose parameter {5j}™ =1 satisfies, for any 1 ^ i < j 5= n, Si/Sj ^ 
|Nr-/q p (x)| Y[ aeV o{x) k,J for any {K} aeV G Y[ aeV ^i- Then the functor D WiT is 
formally smooth. 

Proof. We prove this proposition by induction of rank of W . When W is rank 
one, then we have D W j- = B w and ad(W / ) = B E is the trivial E-B-pa.ii. So 
R 2 (Gk, ad(W)) = by Proposition 12.91 So, by Proposition 13.71 D W1 - is formally 
smooth in this case. Let's assume that the proposition is proved for rank n — 1 
E'-.B-pairs, let W be a rank n E-B-pair with triangulation T : C W\ C • • • C 
W n -i C W n = W whose parameter {5i}" =1 satisfying the condition as above. Let 
A' — > A be a small extension in Ce and let Wa be a trianguline deformation of 
(W, T) with triangulation 7a : C W\ t A Q • • • Q Wn-M Q W n) A = Wa which 
is a lift of T . It suffices to prove that there exists a split trianguline A'-B-pair 
Wa with a triangulation C W\,a> Q • • • Q W n -i.A' Q W n> A' = Wa lifting of Wa 
and 7a- We take a lifting as follows. First, because W n -\ is a trianguline E-B- 
pair of rank n — 1 satisfying the conditions as above, so by induction hypothesis, 
there exists a rank n — 1 trianguline v4'-i?-pair W n ^i t A' with a triangulation C 
Wia 1 Q ■ ■ ■ Q W n _ 2 ,A' Q W n -i t A' which is a lift of W n -\ t A an d C W^a Q 
• • • C W n -i } A- If we put gr n WA := Wa/Wu-^Ai then, by rank one case and by 
Proposition 12. 15[ there exists a continuous homomorphism 5 n A' '■ K x — > A x such 
that the rank one v4'-.B-pair W(5 n> A') satisfies W{5 nj A')®A> A = W(5 h a) — > gr n WA- 
(where <5 nj A '■ K x — > A x is the reduction of 5 nj A'-) Then [Wa] is an element 
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in Ext 1 (W(8 ri}A ), W n _i t A) ^ E 1 (G K ,W n ^ ljA (8 n 1 A )). If we take the long exact 
sequence associated to 

->• / ® E Wn-xiS- 1 ) -> W n - 1A ,(8^ A> ) -> W^-mCO ->• 

(where / C A' is the kernel of A' — > A), then we get a long exact sequence 

• • • -> H 1 (G ! ^, W^/^,)) H^Gjf, W n _ M (0) 

By assumption on {5i}" =1 and by Proposition [279], we have R 2 (Gk, W n -i(S~ x )) = 0. 
So we can take a [W A >] G Exk 1 (W(5 ritA >), W n - liA >) ^> ^{G K , W^-M-'O^nA')) wnicn 
is a trianguline lift of [W^]. This proves the proposition. □ 

Next, we calculate the dimension of D W j. For this, we interpret D- W j[E\e\) in 
terms of Galois cohomology of 5-pair as in Lemma 13.51 Let W be a trianguline 
i^-fi-pair with triangulation T : C W\ C • • • C W n _i C W„ = W whose 
parameter is {<5j}™ =1 . Then we define an .E-5-pair a,dq-{W) by a.dq-{W) := {/ G 
ad{W)\f(Wi) C for any 1 ^ z< n}. 

Lemma 3.16. Let W be a trianguline E-B-pair. Then there exists a canoni- 
cal bijection of sets Dw,t(E[e]) —> H 1 (G j r-, adr(W)). In particular, if Dw,t has 
a canonical structure of E -vector apace (c.f. the condition (2) in Shlessinger's 
criterion \3.S\) . then this bijection is an E -linear isomorphism. 

Proof. The construction of the map D W j-(E[e\) — > H 1 (Gx, &d-j-(W)) is same as 
in the proof of Lemma [331 We put a,d T (W) := (adr(W e ), ad r (W / d t R )). Let 
We[ e ] '■= (W ei E[ E j, W^™ ,) be a trianguline deformation of (W, T) over E[e] whose 
triangulation T E [ e ] is C Wi jE [s],Q ■■■ Q W n - 1>E [e] Q W ntE [ e ] = W E [ e ]- Then we 
can take a splitting W e , E [ e ] = W e e\ © W e e2 as a filtered B e ©q p .E-module such 
that W e e\ = £W e>E [ £ ] and the natural map W e e 2 W etE [ £ ] — )■ W £tE [ £ j/eW etE [ £ ] ^> 
VFe is such that ye 2 h-> y for any y G W e . Then, if we define c e : G^ — » 
Hom Be8(}p E(H / e , W e ) as in the proof of Lemma I3.5[ we can check that the im- 
age of c e is contained in a.dr(W e ). In the same way, we can define c^r : Gk — > 
a.d T (W^ R ) from a filtered splitting = W^e.\ © W^e^. Moreover, we can 

define c G adr(W / dR) by ye 2 = c{y)e\ + ye' 2 for any y G War- Then the map 
%,t(^[s]) ->■ EL\G K ,ad T (W)) : [(W£[ e ], 7^[ £ ])] ^ [(c e ,c dR ,c)] defines an bijec- 
tion and, when Dw,t{E[e]) has a canonical E- vector space structure, this is an 
.E-linear isomorphism. □ 

We calculate the dimension of Rw,t- 

Proposition 3.17. LetW be a trianguline E-B-pair of rank n such that End^ (W) 
= E whose triangulation T : C W\ C • • • C W n -i C W n = W satisfies the 
following. The parameter {8i}f =1 satisfies, for any 1 ^ i < j ^ n, Sj/Si ^ 
ILep o-(x) k ° for any {k a } a£V G ]\ aeV %o and Si/Sj ^ \N K/Qp (x)\ ]\ aeV a(x) ka for 
any {fc^j^p G Ylaer^i- Then the universal trianguline deformation ring Rw,t 
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is a quotient ring of Rw such that R\y,T ~* ' ' ' ■> ^dj] where d n : = "^ 2 +1 - > [K : 

Q P ) + 1. 

Proof. From Proposition 13.131 and Proposition 13.151 and Lemma I3.16[ it suffices 
to show that drnieH^GR-, &d-j-(W)) = d n . We prove this by induction on rank 
n of W. When n — 1, then adj-(W r ) = ad(VF) = Be, so the proposition follows 
from Proposition 12.91 Let W be a rank n trianguline S-S-pair as above, let 
Tn-i : C Wi C • • • C W n - 2 C W n _i be the triangulation of W„_i(C W). Then 
, by definition of ad-r(W), for any / G ad^iy), the restriction of / to W n -\ is an 
element of ad-^^ ( W n _x) and this defines a short exact sequence of E-B-pa.ii, 

-> Hom(W(<f n ), W) -> ad r (W) -> adr^W^i) ->• 
From this, we have rank(ad7-(W / )) = rank(ad7^_ 1 (W n _i)) + n = l + 2 + -- - + n = 
^fi) . From this and Theorem EH it suffices to show that B°(G K , ad r (W)) = E 
and B. 2 (G K ,ad T (W)) = . For H°, this follows from E C H°(G A , ad r (W/)) C 
H°(G X , ad(V)) = E. We prove R 2 {G K , ad r (W)) = by induction of rank of J¥. 
When n = 1, this follows from Proposition 12.91 When is rank n, then from the 
above short exact sequence, we have the following long exact sequence , 

> R 2 (G K ,Rom(W(5 n ),W)) -> E 2 (G K , ad T (W)) -> H 2 (G A -, ad-^ (W„_i)) -> 

Then, by Proposition 12.91 and by the assumption on {<5j}™ =1 , we have R 2 (Gk, Horn 
(W(<y n ), W)) = 0. So, by induction hypothesis, we have R 2 {G K , ad r (W)) = 0. We 
finish the proof of this proposition. 

□ 

4. Deformations of benign 5-pairs 

In this final section, we study a very important class, called benign 5-pairs, 
of trianguline i?-.B-pairs, which satisfies very good properties for trianguline de- 
formations and plays a crucial role in Zariski density problem of modular Galois 
(or crystalline) representations in some deformation spaces of global (or local) 
p-adic representations. This class was defined by Kisin in the case of K = Q p 
and rank W is 2 in [Ki03] and [Ki08b]. He studied some deformation theoretic 
properties of this class in [Ki03] and used these in a crucial way in his proof of 
Zariski density of two dimensional crystalline representations of Gq p . Bellaiche- 
Chenevier ([Bel-Ch09]) and Chenevier ([Ch08],[Ch09]) generalized this class for 
higher dimensional case and K = Q p case, they defined and studied in detail 
crystalline representations with non-critical refinements. In particular, Chenevier 
([Ch08],[Ch09]) discovered and proved a cruicially important preoperty concern- 
ing to tangent spaces of these deformation rings. (This was discovered by Kisin 
([Ki08b]) implicitly when K = Q p and rank 2 case.) In fact, by using this prop- 
erty, Chenevier ([Ch08],[Ch09]) proved many types of theorems concerning Zariski 
density of modular Galois representations in some deformation spaces of global 
p-adic representations. 
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The aim of this section is to generalize this Chenevier's theorem to any K-case. 



4.1. Benign fi-pairs. Let P(X) G O k [X] be a polynomial such that P(X) = 
■KrX (mod deg 2) and that -P(X) = X q (mod 7T^), where q := and / := [K : 
Q p ]. Then we take the Lubin- Tate's formal group J 7 of K such that [ttk] — P{X), 
where [— ] : Ok — > End(J r ). We put lf n is the Galois extension of K generated 
by [7r^]-torsion points of T for any n, then we have a canonical isomorphism 
X LT,n : Gal(K n /K) ^ (0 K /n n O K ) x . We put K LT := U™ =1 K n and we put G n : = 
Ga\(K n /K). 

In [Ki08b] or [Ch09] etc, benign representation is defined as a special class of 
crystalline representations. But, as we show in the sequel, we can easily general- 
ize the main theorem to some potentially crystalline representations. So, before 
defining benign representations, we first define the following class of potentially 
crystalline representations. 

Definition 4.1. Let W be an E-Bpair. Then we say that W is crystabelline if 
W\q l is a crystalline E-B-paii of Gl for a finite abel extension L of K. 

Remark 4.2. Because a finite abel extension L of K is contained in K m L', where 
V is a finite unramified extension of K, by using Hilbert 90, we can easily show 
that W is crystabelline if and only if W\c Km is crystalline for some m ^ 0. 

Let W be a crystabelline E-B-p&ir of rank n such that W\c Km is crystalline 
for some m. Let D^(W) := (B ciis (g) Qjj W^) Gifm be the rank n E-filtered (ip, G m )- 
module over K. Then, because K m is totally ramified over K, this is a free 
K ®q p i?-module of rank n. We take an embedding a : K ^ E, this defines 
a map a : K ®q p E ^ E : x ® y ^ a(x)y. From this, we can define the a- 
component D^(W) a := D*^(W)<gi Ko ® QpEj(T E, this has an E-linear (/^-action and 
an E'-linear G m -action. Let {aii, • • • , «„} be a solution in E (with multiplicities) of 
det E (T • id — (pf\ D K m(w) ) G -E[T]. Then, because ipf and G m -action commute, so 

cris \ v ) a 

any generalized (/^-eigenvector spaces of D^(W) a are preserved by the action of 
G m . So we can take an E'-basis ei jCr , • • • , e„ iCr of D cri ™(Vy) CT such that, for any i, e^„ 
is a generalized eigenvector of <^ with generalized eigenvalue G E x and G m acts 
on e^ a by a homomorphism 5j : G rn — > E x . We change numbering of {a±, • • • , a n } 
so that ei jCr , e2,o-, • • • , e nj<7 gives a y?^- Jordan decomposition of D^(W) a by this 
order. Because {a, ip^a, ■ ■ ■ ,v?~ (/_1) (r} = Rom Qp (K ,E) and ip { : ^^(W), ^ 
D%£(W) v -i a : i®?/ h-> (p i (x)^y for any a; G and y G is an E[<pf, G m \- 

isomorphism, the set {a±, • • • , a n } doesn't depend on the choice of er : K <^-> E. 
Then, if we put e { := e^_+ <p(e i>ff ) + ■■■ + </? /_1 (e i)CT ) G D^(W) ® E E, we have 
D^{W)® E E = Ko^Ed®- ■ -®K <g) E Ee n such that the subspace K^^Ee^ 
■ ■ ■ © Kq ®q p Eei is preserved by </? and G m -action for any %. Moreover, if we take 
a sufficiently large finite extension E' of E, then we can take e t G D^(W) ® E E' 
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such that D*™{W) ® E E' = K © Qp E'a © • • • © K <g) Qp E'e n and a { G for any 
i and ^ : G m -»■ E 1 '*. 

By using these arguments, first we study a relation between crystabelline E-B- 
pairs and trianguline i?-I?-pairs. 

Lemma 4.3. Let W be an E-B-pair of rank n. Then the following conditions are 
equivalent. 

(1) W is crystabelline. 

(2) W is trianguline ( i.e, there exists a finite extension E' of E such that 
W ®e E' is a split trianguline E' -B -pair) and potentially crystalline. 

Proof. First we assume that W is crystabelline. Then, by the above argument, for 
a sufficiently large finite extension E' of E, we have D CT ^{W) ® E E' = K ©<q p 
E'ei®- ■ ■®K ^)Q p E'e n as above. Then, for any i, K ®Q p E'e 1 ®- ■ ■(BK ®Q p E'e i is 
a sub E'-filtered (p, G m ) -module of D%£(W® E E'). So, by Theorem 1231 W® E E' 
is split trianguline and potentially crystalline. 

Next we assume that W is trianguline and potentially crystalline. By extend- 
ing coefficient, we may assume that W is split trianguline. We take a trian- 
gulation C W\ C • • • C W n = W of W. Then, because sub objects and 
quotients of crystalline S-pairs are again crystalline, Wi and Wi/Wi-x are all 
potentially crystalline. Then, by Lemma 4.1 of [Na09], for sufficiently large m, 
Wi/Wi-x\G m i s crystalline. Then we claim that W^G m is also crystalline. We 
prove this claim by induction on rank n of W . When n = 1, this is trivial. 
We assume that the claim is proved for n — 1 case. Then W n -i\G m is crys- 
talline. If we put W/W n _x ^ W(5 n ), we have [W\ G H l (G K , W n _i(5~ 1 )). By 
assumption, there exists a finite Galois extension L of K m such that [W] is 
contained in Ker^G*, W n -i(0) ->• H 1 (G L , B cris © Be (W^- 1 )^)). Then 
it suffices to prove that the natural map H 1 5 B cris © Be (W / n _i(5~ 1 )) e ) — > 
H 1 (Gl, B cris ®B e (W n -i(5~ 1 )) e ) is injective. By inflation restriction sequence, the 
kernel of this map is H 1 (Gal(L/if m ), D^- m {W n -i(5~ 1 ))) = 0. So W| Gm is crys- 
talline, i.e. W is crystabelline. 

□ 

From here, we consider a crystabelline E-B-pair W such that D^(W) ^> 
i£o ©q p -Eei © • • • © K ©q p Ee n such that K © Qj) Ee^ is preserved by (ip, G m ) 
and <pf(ei) = a^Ci for some a, G E x such that a, ^ atj for any i ^ j. Let (5 n 
be the n-th permutation group. Then, for any r G (5 n , there is a filtration by 
^-filtered 0, G m )-modules on D%g(W) , T T : C F T>1 C • • • C F T ^ n _\ C F Tjn = 
W such that F r,i := ©Q P ^e T( i) © • • • © AT ©q p £e r(i) for any 1 ^ z ^ n 
( the filtration on F T>i is induced from /^(W 7 )). We put gr T>i D^(W) : = 
F Tj i/F T> i^x for any 1 ^ i ^ n. Then, by Theorem I2.5[ there exists a filtra- 
tion % : C W T ,i C ... C W^n-i C W r>n = W such that W r ,i| Gm is crys- 
talline and D^(W T>i ) = F T>i . Then W Tji /W Tji _i is a rank one crystabelline 
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E-B-pair such that D^(W Tti /W T ^!) ^ gi ri D^(W). So, by Lemma 4.1 of 
[Na09] and by its proof, there exists {k^ T ^ a } ae -p G Ylaev ^ anc ^ homomorphisms 
<5j : K x £ ,x satisfying 5i\i +7T ^ OK = 1 an d ^(^aO = 1, such that W T ^/W r ^i ^> 
Vr(5Q, T(i) 5 r (i) riae-p o"(^) fc(T,i) ' CT ) for any 1 ^ i ^ n, where <5 ai : K x — > E x is the 
homomorphism such that 5 ai | * = 1 and S^itk) — ot-i- Then, for any cr G V, the 

set {fc( T> i) )Cr , k(r,2),a, ■ ■ ■ , k(r, n ),<r} is independent of r G & n because these numbers 
are cx-part of Hodge- Tate weights of W. We write this set (with multiplicities) by 
{ki >a , ^2,cr, • • ■ , fcn.o-} such that fci )CT ^ /c2,cr = ■ ■ ■ = ^n,o- for any a eV. Under these 
notations, we define the notion of benign i?-i?-pair as follows. 

Definition 4.4. Let W be a rank n crystabelline E-B-^sh as above. Then we 
say that W is a benign E'-.B-pair if the following conditions hold: 

(1) For any i ^ j, we have azi/atj ^ l,pf,p~f. 

(2) For any a G V, we have = k\ >a > k2 >a > • • * > &n-i,<r > fcn,<r- 

(3) For any r G @ n and cr G P, we have fc( T)l -) i<T = fcj )(7 for any 1 ^ z ^ n. 

We say that is twisted benign if there exists a benign E-B-p&ir W' and 
{A; CT } aeP G Y[ aeV % such that ^> W <g> W{Y\ a& ,a{x) ka ). (i.e. we drop the 
condition ki >a = in (2)). 

Remark 4.5. By definition, if W is a twisted benign, then we have W r ^/W T ^-i ^> 
W{5 OLr(A 5 T {i) Y[ a£V c(z) fei,CT ) for any r G 6 n and 1 ^ i ^ n. 

Remark 4.6. When n = 2 and if = Q p and is crystalline, this definition is 
same as that of Kisin in [Ki08b]. When n = 2 and K = Q p , the condition (3) is 
induced from the other weaker condition that End£[<2 K ](V) = E. For the tangent 
space theorem (so for the application to Zariski density), the author thinks that 
this condition (3) is the most important and subtle condition to verify. But, in 
general case, i.e. n ^ 3 and K = Q p case, or n ^ 2 and K ^ Q p case, it seems 
difficult to induce the condition (3) from some other weaker conditions. In [Ch09] , 
Chenevier calls the condition (3) to be "generic". 

Lemma 4.7. Let W be a twisted benign E-B-pair. IfW\ is a saturated sub E-B- 
pair ofW, then W\ and W/W\ are also twisted benign E-B-pairs. 

Proof. This follows from the definition and the fact that sub objects and quotients 
of crystabelline E-B-p&irs are crystabelline i?-i?-pairs. □ 

4.2. Deformations of benign 5-pairs. 

Lemma 4.8. Let W be a twisted benign E-B-pair of rank n. Then W satisfies 
End Gjf (W) = E and for any r G & n , % : C W Tjl C • • • C W T , n -i C W T , n = W 
satisfies all the condition in Proposition \3 . 11 , 



Proof. We prove Endc K (W / ) = E, other statements are trivial from (1) of Defini- 
tion H31 We prove this by induction on n, the rank of W. If n — 1, Endc A ,(W / ) = 
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H°(Gk, Be) = E. We assume that the lemma is proved for rank n — 1 case, let 
W be a rank n twisted benign E-B-p&ir. We take an element r G (5 n and con- 
sider the filtration T T : C W r ,i C • • • C W Tjn _i C W T>n = W 7 . Then, by the 
above lemma, W T ^ n -\ is twisted benign of rank n — 1, so by induction hypoth- 
esis, we have EndG x (W / rjn _i) = £7. Let / : W — > W be a non-zero morphism 
of E-B-p&irs. Then, by definition of twisted benign S-pairs and by Proposition 
E3J we have Hom GK (W / Tjn _i, W/W T)n -i) = 0. So /(W T)Tl _i) C W T)n -i- Because 
EndG x (W / Ti „_i) = E, we have /|w n-i = a 'idw T , n _i f° r some a G E. If a = 0, then 
f : W ^ W factors through a non-zero morphism /' : VK/W T) n-i — >" Because 
Hom^ (W/Wr^-i, Wr )n _i) = by definition and by Proposition I2.9[ the natural 
map Eom GK (W/W T , n l h W) ^ Kom GK (W/W T , n -i,W/W T , n -i) = E is injective, 
so the composition of /' with the natural projection W —> W/W T>n -\ induces an 
isomorphism W/W T>n -\ — > W/W T , n -\. This implies that the short exact sequence 
->■ W T)n -i ->■ ->■ W/W^n-i ->■ splits. Then we can choose a r' G & n , 
such that Wr',1 = W/W T)n -i , and this r' doesn't satisfy the condition (3) in the 
definition of benign 5-pairs. It's contradiction. So the above a must not be zero. 
In this case, consider the map / — a- idw £ Endc K (W). Then the same argument 
as above implies that f = a ■ idw So Enda K (W) — E. □ 

Corollary 4.9. Let W be a twisted benign E-B-pair of rank n. Then the functor 
Dw is pro-representable by Rw which is formally smooth of dimension n 2 [K : 
Q p ] + 1. For any r G & n , the functor Dw,t t is pro-representable by a quotient 
R\v,T T °f R-w which is formally smooth of dimension n( - n 2 +1 - ) [K : Q p ] + 1 . 

Proof. This follows from Proposition 13.171 □ 

Next, we want to consider the relation between Rw and Rw,T T f° r all T ®n- In 
particular, we want to compare the tangent space of Rw and the sum of tangent 
spaces of Rw,T T for all r G & n . For this, first we need to recall the potentially 
crystalline deformation functor. 

Definition 4.10. Let W be a potentially crystalline i?-.B-pair. Then we define po- 
tentially crystalline deformation functor D W 1S which is a sub functor of Dw defined 
by, for any A G C E , D w is (A) := {[W A ] G D W (A)\W A is potentially crystalline}. 

Lemma 4.11. Let W be a potentially crystalline E-B-pair. If Endcr K (W) = E, 
then D w m is pro-representable by a quotient R w s of Rw which is formally smooth of 
dimension equal to dim £ (D dR (ad(W^))/Fil D dR (ad(iy))) + dim £ (H°(G^, ad(W))). 

Proof. For pro-representability, by Proposition 13. 7\ it suffices to relatively repre- 
sentability of D w m <-» Dw as in the proof of Proposition 13.131 But in this case, 
the condition (1) and (2) is trivial and (3) follows from the fact that the sub ob- 
ject of potentially crystalline E-B-pa.ii is again potentially crystalline. Formally 
smoothness follows from Proposition 3.1.2 and Lemma 3.2.1 of [Ki08a] by using 
deformations of filtered (<£>, G^-)-modules. For dimension, we take a finite Galois 
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extension L of K such that WIg^ is crystalline. Then, by the same argument as in 
the proof of Lemma 1473"! any Wa £ D^ S (A) is crystalline when restricted to Gl- So 
it's easy to check that the map Dw(E[e\) ^> H 1 (G^, ad(W)) induces isomorphism 
D c ™(E[e}) ^ Ker(H 1 (G it ,ad(^)) -> E\G L ,B ais ® Be ad(W) e )). Then again by 
the same way as in Lemma 14.31 the natural map H 1 (G^, B cris ® Be &d(W) e ) — > 
H^Gl, -B cr i S ®b b ad(W)e) is injective. So we have isomorphism D^ s (E[e)) ^> 
Ker(E 1 (G K ,ad(W)) -)> H 1 (G f x, -B CT is ®B e ad(W) e )). We can calculate the dimen- 
sion of this group in the same way as in the proof of Proposition 2.7 [Na09]. □ 

Corollary 4.12. Let W be a twisted benign E-B-pair of rank n. Then R^ s is 
formally smooth of dimension (n ~ 1 ^ n [K : Q p ] + 1 . 

Proof. This follows from Lemma S3] and dim E (Z> dR (ad(W r ))/Fil°Z) dR (ad(W))) = 
( - n ~ 1 ^ ra [K : Q p ], which follows from the condition (2) in Definition 14.41 □ 

Definition 4.13. Let W be a twisted benign E-B-pa.ii of rank n such that W\c Km 
is crystalline. For any r e & n , we define a rank one saturated crystabelline E-B- 
pair W^CW such that D^(W^) = K ® Qp Ee r{n) C £>^(W). Then we define 
a sub functor of by D^ T (A) := {[W 7 ^] G there exists rank one 

crystabelline saturated sub A-_B-pair W' A C such that W 7 ^ <8u E = W^} 

Lemma 4.14. Under the above condition. The functor D^ S T is pro-representable 
by a quotient R^} S T of Rw which is formally smooth and it's dimension is equal to 
n(n-l)[K:Q p ]'+l. 

Proof. The proof of relatively representability of D^ S T > Dw and the proof of 
formally smoothness are easily followed from combination of proofs of Proposition 
13.131 and Proposition 13.151 and Lemma 14.111 Here, we only prove dimension for- 
mula. Let ad r (M0 := {/ e aA{W)\f{W' T ) C W^}. Then we have the following 
short exact sequence, 

-> Hom(W/W£, W) ->■ ad T {W) ->■ ad(W£) ->■ 0. 

From this, by taking long exact sequence and by using Proposition 12.91 we have 
the following short exact sequence, 

->■ E 1 (G K ,Eom(W/W^W)) ->■ E 1 (G K ,ad T (W)) ->■ H^GV, ad(J<)) -> 0. 

We define H} T (G^, ad r (W0) by the inverse image of R)(G K , ad(W£)) in H^Gjf, 
ad T (VF)). So we have a short exact sequence, 

->• H^Gjf , Hom(W/W;, W)) -> H} T (G K , ad r (PF)) ->• H}(G^, ad(W;)) ->• 0. 

Then, in the same way as in Lemma I4.11[ we can show that the natural map 
D w (E[e)) -»■ H 1 (G x ,ad(W / )) induces an isomorphism D#* T (E[e]) ^ H} r (G x , 
ad r (W / )). By using Theorem 12.81 and Proposition 12.91 we can calculate that 
dim B H 1 (Gx,Hom(H//H/;,H/)) = n(n - l)[K : QJ. Because ad(W;) = B E is 
trivial, so we have Hj(Gk, ad(W^)) = 1 by Proposition 2.7 of [Na09]. So we have 
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dim s Hj- T (G^, ad T (W)) — n(n — l)[K : Q p ] + 1. This proves that R^ S T is dimension 
n(n -1)[K :Q P } + 1. 

□ 

Lemma 4.15. Let W be a twisted benign E-B-pair of rank n. Let Wa be a 
deformation of W over A which is potentially crystalline, then [Wa] G D WTt (A) 
and [W A ] G D$*.(A) for any r G & n . 

Proof. Let Wa be as above. If W\c Km is crystalline, then WA\c Km * s crystalline 
by the proof of Lemma 14.111 So it suffices to show that D^(Wa) — > i£o ®<Q P 
Aei © ®q p ^e 2 ®---®K ©q p Ae n such that K ®q p Ae, is preserved by (<£>, G m ) 
and <pf(ei) = djej for a lift d; 6 A x of a; 6 £ x for any 1 ^ % ^ n. For proving 
this claim, first we note that /^^"(W 7 ^) is a free K ®q A-module of rank n and 
D^(Wa) ©a £ ^> by Proposition 1.3.4 and Proposition 1.3.5 [Ki09]. 

Then, for any a : K ^ E, we can write D cx £:(Wa)o = Ae± :(7 © • • ■ © Ae n ^ such 
that tpf(e.i )(r ) = aie iiCr (mod m^) for any 1 ^ i ^ n. Then, by easy linear algebra, 
we can take an A-basis e' x CT , e' 2a , • ■ ■ ,e' n(T oi D^™,{W A)a such that ^ {e[ cr ) = a 
for a lift a,i E A x oi cii for any z. Because (p and G m commute and 7^ c^-, so 
Ae' i a is preserved by G m . If we take e* := e^ + ^(e^) + - • G Z&(W A ), 

then we have D^(Wa) = K © Qp Ae x © • • • © K ©q p Ae n satisfying the property 
of the claim. 

□ 

Lemma 4.16. Let W be a twisted benign E-B-pair of rank n and r G & n such that 
W\c Km is crystalline. Let [Wa] G Dw,t t (A) be a triangulme deformation over A 
with a lifting of triangulation C W\a ^ Wi,a Q • • • W n> A = Wa- If W^a/Wi-^a 
is Hodge-Tate for any 1 ^ % ^ n, then WA\c Km is crystalline. 

Proof. First, we prove that (W^a/Wi-^a) \g k is crystalline with Hodge-Tate weight 
{ki,a}crev- Because W^a/Wi-^a is written as successive extensions of W T) j/W T) j_i, 
Wi,A/Wi-\,A has Hodge-Tate weight {ki >a } ae -p. Then, twisting Wa by a crystalline 
character Ilo-eP °~( x )~ ki ' a '■ K x ~~ >* we ma y assume that W^/Wi-i^ is 
an etale Hodge-Tate A-5-pair of rank one with Hodge-Tate weight zero and is 
a deformation of etale potentially unramified E-B-p&ir W(8 T u\). Then, by Sen's 
theorem ([Se73] or Proposition 5.24 of [Be02]), W^a/Wi-x^a is potentially unram- 
ified, so there exists 5 : K x — > A x a unitary homomorphism such that 8\ x has 

a finite image and W^a/Wi-i^a — >• W(5) and 5 is a lift of 8 T ^y Then, because 
(1 + m A ) n A x or = {1}, 5| x = 5 r(i )| x : C>* ->■ A x , so W; )A /Wi_ M | GKm is crys- 
talline. Next, we prove that WA\G Km is crystalline by induction on rank W. When 
n = 1, we just have proved this. Assume that the lemma is proved for rank n — 1 
case. Then W u -x,a\gk is crystalline. If we put Wa/Wu-xa — > W(5A, n ), then we 
have [Wa] G Yi l (G K , W^-i^tT^J). By considering Hodge-Tate weight of Wa and 
condition (3) of Definition PI we get Fil°D dR (H/ n _i iA (^ 1 n )) = 0. By comparing 
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dimensions by using Proposition 2.7 of [Na09], we have n}(G K ,W A ,n-i(Sj%)) = 
K\G K , WV-i^In))- So W a \g Km is crystalline. 

□ 

Lemma 4.17. Let W be a twisted benign E-B-pair of rank n and W\ be a rank one 
crystabelline sub E-B-pair of W . Then the saturation W( at := (Wff, ) of 

W\ in W is crystabelline and the natural map Komc K (W{ at , W) —> Hom.a K (Wi, W) 
induced by natural inclusion W\ ^ W[ at is isomorphism between one dimensional 
E-vector spaces. 

Proof Because Wi >e = Wff by Lemma 1.14 of [Na09], so W( at is crystabelline. By 
definition of twisted benign E'-S-pairs, the Hodge- Tate weight of Wf at is {ki^ a } a£ -p. 
Then consider the following short exact sequence of complexes of G^-modules 
defined as in p.890 of [Na09], 

->• C*(W®{Wl at ) v ) -)• C'(W®W?) -> (W / ®^ 1 v )+ R )/(H/®(H/r t ) V )d R )[0] -> 0. 
From this, we have the exact sequence, 

o ->■ r°(g k , w ® (W( at y) ->■ h°(gv, w <g> W^) 

-> H°(G*, (W ® ^ V )+ R /(H/ ® (WT*) v )dk) -> • • • 

By the condition (3) in Definition S3J we have dim B H°(G^, (W ® (WT**) v )d R ) = 
dim s H (GK, W^)^) = n[K : Q p ], So, by a usual argument of de Rham 
representations, we have H°(G^, (W ® W / 1 V )^ R /(H^ ® (W / r*) v )d R ) = 0. So the 
map H°(G^, W ® (W / 1 sat ) v )) ^ B°(G K , W ® (Wi) v ) is isomorphism. Finally, for 
dimension, by the condition (1) in Definition 14.41 and Proposition !2.9l of [Na09], we 
have diniE:H (Gft-, W ® (W*°*) v ) = 1. These prove the lemma. 

□ 

Lemma 4.18. Let W be a twisted benign E-B-pair and let Wa be a deformation 
of W over A. If there exists a rank one crystabelline sub A-B-pair Wi )A Q Wa 
such that W\ := Wi >A ®a E c - > Wa ®a E remains injective. Then the saturation 
W( a A ofWiA in Wa as an E-B-pair is a crystabelline A-B-pair and Wa/W{°a is 
an A-B-pair and W$ ® a E ^ W( at (Q W). 

Proof. First, by Proposition 2.14 of [Na09], there exists {l a }aev G ELe-p^o 
such that W( at W\ ® W{J\ a&v a{x) l ' y ). Then we claim that the inclusion 
YLom GK (W lA ® W A (Yl aeV a(x) l °), W A ) -)- Hom GA .(W M , W A ) induced by the nat- 
ural inclusion W\, A ^ W\,A ® ^^(ELe-p a (. x ) lrT ) is isomorphism and that these 
groups are rank one free A-modules. By the same argument as in the last lemma, 
the cokernel of Rom GK (W 1A ® W A (Y[^ v a{x) l °),W A ) ->■ Hom Gjc (W M , W A ) is 
contained in R°(G K , (W A ® ^ A )+ R /(H/ A ® W^ A ® iy A (ri CTe7 , <7(x)-^))+ R ). This 
is zero from the proof of the last lemma. So the natural inclusion Homc^Wi^ ® 
^^(rLreP a { x ) l,T )i Wa) — > Hom GK (H /r liA , Wa) is isomorphism. Next, we prove, by 
induction on length of A, that Hom.Q K (Wi }A , Wa) is a free A-module of rank one. 
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When A = E, this claim is proved in the above Lemma 14.171 Assume that A is 
length n and, for a small extension A — > A', assume that the claim is proved for 
W A < := W ® A A'. Put I the kernel of A -> A', W hA > := W 1>A ® A A'. From the 
following exact sequence, 

-> / ® E Rom GK (W 1 , W) ->• Hom^ (W M , W A ) ->• Hom^ (W M /, W A >) 

and induction hypothesis, we have lengthHomo^ (W^Aj ^a) ^ lengthA On the 
other hand, the fact that given inclusion t : W\ a ^ W A remains injective after 
tensoring E and the fact that dim s Hom GK (W r 1 , W) = 1 and induction hypothesis 
imply that the map A — > Hom GK (Wi ;A , W A ) : a h->- a ■ i is injective. So we have 
length(A) = lengthHomg^VFi^, Wa)- These prove the claim for A. From these 
claims, the given inclusion i : W\ jA factors through a map £ : W[ A : = 

Wi,A ® W^dlcr a ( x ) Z<T ) — ^ ^4 an d this ma P i s injective because the injection 
of morphisms of 5-pair determined from the injection of W^-part of S-pairs and 
Wi jA>e = (W hA ®W A (Il aeV (r(xY")) e . Then we claim that this I gives Wffi -4 W[ A 
and claim that this satisfies all the properties in this lemma. By induction on 
length A, we assume that this claim is proved for A'. First, we prove W A /W[ A is 
an ^-5-pair. For proving this, by Lemma 2.1.4 of [Ber08], it suffices to show that 
^AdR/^iyi dR i s a f ree -BdR" m °d me - By snake lemma, we have 

1 ® E W+JW$[ Wl dR /W[^ dR -> W+ t dR /(^;+ )dR ® A A') -> 0. 

From this and induction hypothesis, ^a dR/^L A dR is a free Sj" R -module. Finally, 
we prove A-flatness of W A /W± A . This follows from the fact that the map Z <g> idg : 
^ ®a ^ Wa £S>a is saturated (we can see this from the proof of the above 
first claim). So W A /W h A is an A-B-pair. We finish the proof of this lemma. 

□ 

Lemma 4.19. Let W be a twisted benign E-B-pair of rank n. For any r G & n , 
we have D WJt (E [e] ) + (E [e] ) = D w (E [e] ) . 

Proof. By Corollary 14 . 9 1 and Lemma f4 . 1 1 1 and Lemma f4.14[ we have dim.ED\y(E[e}) 
+ dim £ D$ B (E[e\) = d\m E D W j- T {E[e\) + a\im E D c ^ r {E[e\) . So it suffices to show 
that D W>% (A)(]D^(A) = D C ™(A) for any A G C E . First, the fact that D$ S {A) C 
D w>Tr {A) n D WyT {A) follows from Lemma I4TT51 

We prove that D WJt { a ) n D w*( A ) Q D w m ( A ) h Y induction on rank n of W. 
When n — 1, this is trivial. Let W be rank n and assume that the lemma is 
proved for rank n — 1. Let [W A ] G D W1 - T (A) fl Then, by definition 

of Dw,t t an d -D^v, there exists an A-triangulation C W% jA C VK 2 ,i C • • • C 
W n -i tA C W n ,A = Ma such that W^a ®a -E — > W ri » for any z and there exists 
saturated crystabelline rank one A-B-pair W[ A C VFa such that W-f a ®a-E — > 
First, we claim that the composition of W^'^ Wa and Wa — )■ W A /W\ tA is 
injective. By snake lemma, Ker(W / 1 ' j4 — )■ W A /W\ )A ) is a sub _E-5-pair of Wi jA . 
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By the condition (1) of Definition 14.41 and by Proposition 2.14 of [Na09], we have 
Rom GK (Ker(W{ !A -> W A /W 1)A ),W 1>A ) = 0, so W[ >A ->• W A /W 1>A is injective. 
Then, by Lemma 14.181 the saturation (W{ A ) sat of W[ A in W A /W^ A is a rank one 
crystabelline A-£>-pair satisfying the same conditions as those of W[ A ^ W A . So, 
by induction hypothesis, W A /Wi tA is crystabelline. Then, by the condition (3) 
of Definition 14.41 Hodge- Tate weight of W A /Wi )A is {k 2tCT , ks >a , • ■ ■ , k n ^} a (with 
multiplicity [A : E}). Moreover, by (3) of Definition 14.41 crystabelline W[ A has 
Hodge- Tate weight {/ci i<T } CTe p (with multiplicity). Because k la ^ k it(r for any 
i ^ 1 and there is no extension between different Hodge- Tate weight objects by a 
theorem of Tate, these imply that W A is a Hodge- Tate i^-5-pair. So, by Lemma 
KW. W A is crystabelline. So we have that [W A ] G £>$ S (A). 

□ 

The following is the main theorem of this article, which is a crucial theorem 
for applications to Zariski density. This theorem was discovered by Chenevier 
([Che08], [Ch09]) for any rank case when K = Q p . 

Definition 4.20. For R = R w or Rw,T T , we put t(R) := Hom s (m R /m 2 Rl E) 
the tangent space of R. Then, for any r G & n , we have a canonical inclusion 
t(R w ,r T ) ^t(R w ). 

Theorem 4.21. Let W be a twisted benign E-B-pair of rank n. Then we have 

/ J t(R\v,T T ) = t(Rw)- 

Proof. We prove this by induction on n. When n = 1, then the theorem is triv- 
ial. Assume that the theorem is true for rank n — 1 case. Let If be a rank 
n twisted benign E-B-pa.ii. We take an element r G & n . Then we consider 
the sub functor D Wt of D w by D Wr (A) := {[W A ] G D W (A)\ there exists a 
rank one sub A-B-pair W\ >A C W A such that the quotient W A /W\ yA is an A- 
S-pair and W M ® A E ^ W!A- {W' T is defined in Definition E2D • Then D^ T is 
a sub functor of D W)T and we can show that D WiT (E[e\) ^ H^G^, a.d T (W)), 
here ad r (H/) := {/ G ad(W)\f(W^) C M^}. So, by Lemma EEH1 we have 
H 1 ad^W)) +H 1 (G ! K,ad Tr (W)) = H^G*, ad(W)). Because, for any r' G 
S T ,n '■= {t' G © n |r'(l) = r(n)}, we have Dw,t t , Q Dy/, T - So we have natural maps 
H 1 (G^-, adj;, (H 7 )) — >■ H 1 (G^, ad r (H / )). Then it suffices to prove that the map 
©T / e5 T ,„H 1 (Gft:, ad-7;, (W)) — >■ H 1 (Gii-, ad T (H / )) is surjective. We prove this surjec- 
tion as follows. First, by definition, we have the following short exact sequences 
of .E-£?-pairs for any r' G iS T>n , 

(1) -> Hom(W/W£, W) ->■ ad T (H/) -> ad(W£) ->■ 0, 



(2) {/ G adr T ,(H/)|/(H/;) = 0} ad Tr ,(M0 ad(W;) -> 0. 
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Moreover, we have 

(3) -> Yiom{W/W' T , W' T ) -> Hom(W r /W r ;, W) ->■ ad(W/W;) -> 0, 

(4) -> Hom(W/W;,^) — {/ G ^ TTl {W)\f{W' T ) = 0} -> ad r ^(^/^) 0. 

Here, for any r' G <S Tjn , we put %> : C H^/^/W^ C W^/W^ C • - • C 
Wr'.n-i/^r - W/W^ the induced triangulation from 7^' on W jW' T . We have 
H 2 (G^,Hom(H//H/;,H/;)) = by the condition (1) of Definition PI and Propo- 
sition E3J We have R 2 (Gk, a.dr T {W)) = from the proof of Proposition 13.171 So 
from the short exact sequence (4) above, we have H 2 (Gk, {/ G ad r /(W)|/(W^) = 
0}) = 0. From this and from (1) and (2) above, for proving the surjection of 
(B T 'es T J^(Gk, adr, (W)) — > H 1 (G^, ad T (W)), it suffices to prove the surjection 
of ®r>es T , n K X {G K ,{f G ad T ,(W)\f(W^) = 0}) -> H 1 (G A ^,Hom(H//H/;,H/)). By 
(3) and (4) above and by H 2 (GV, Hom(W/W£, W^)) = 0, this surjection follows 
from the surjection of ©r'es^H 1 ^, ad T ^(W/W£)) ->■ H^Gx, ad(W/W;)), which 
is the induction hypothesis. So we have finished the proof of this theorem 

□ 
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